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 1  Introduction 

Part of this material has been taken from Health Science Statistics using R and R commander, 2015 by myself. 
 

Go to my YouTube videos collection, to see those relevant to this handout.  https://goo.gl/9tW8zv  (Case sensitive). 

 

Go to the SEM page of my books website for the dataset in the chapter: 

http://robin-beaumont.co.uk/rbook/sem/index.html 

  

http://robin-beaumont.co.uk/rbook/sem/index.html
https://goo.gl/9tW8zv
http://robin-beaumont.co.uk/rbook/sem/index.html
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 2  Model 1 – All repeated measures equally spaced and no additional 
measures (Alcohol intake measured 3 times)  

Consider a set of four repeated measures for a number of subjects over time. Assume that the scores over time 
for each subject follow a straight line on average, that is they follow a linear trajectory.  The plot below shows 
idealized lines where the actual scores would hover around each.  Traditionally such data would be analysed using 
a repeated measures ANOVA. However such an approach is very limited (Hancock & Mueller, 2013 p.310 ). Firstly 
it can't handle any missing data; secondly ANOVA assumes both the variance (think spread) between the scores 
over time and any groupings within a specific time are constant (this constant variance requirement is called the 
sphericity assumption). From the plot below we can see that the constant variance over time sphericity aspect for 
this set of data is clearly violated with the variance for times 1 and 4 being far greater than time 3. 

SEM provides a far more flexible 
method of assessing these 
trajectories, where it is now 
possible to take into account 
unequal time intervals, missing 
data, assessment of any possible 
differences between subgroups and 
trajectories that do not follow 
straight lines. The SEM approach is 
in many ways equivalent to another 
modern approach to repeated 
measures analysis called MultiLevel 
Modelling so I will occasionally 
mention the similarity in them.  

Hancock & Mueller, 2013 (p.313) 
provide a brief introduction while McArdle & Nesselroade,  (2014) devote a whole book to the subject of 
Longitudinal data analysis using Structural Equation Models. Both these references adopt a particular type of SEM 
model called Latent Growth Modelling (LGM). To understand LGM's it is necessary to start by thinking of the 
modeled score at each time for each subject 

Score at time t for subject i = initial score i + (change in score per unit timet) X (time elapsedi) + error i 

In the plot above we are considering equally 
spaced time periods of 1 to four so we can think of 
the scores for an individual patient at each time 
point equivalent to the equations shown opposite 
given that they follow a linear trajectory. For time 
1 the change score is zero so each individuals score 

just equals the intercept + error (e1i). Similarly, the value for time 2 the individuals value is equal to the 
individuals intercept plus their slope multiplied by 1. The values for times 3 and 4 follow on in a similar fashion the 
slope values being multiplied by 2 or 3 respectively.  

The above set of individual level equations can be interpreted in a LGM model where we have two latent 
variables, the first called intercept and the second called slope; 

Intercept records the difference between each individuals observed and model predicted score at time 0.  

Slope records the difference between each individuals observed and model predicted slope and because the 
predicted equation is a straight line we only have one slope for each patient. 

Technically each Latent variable is storing the residual score for each individual. 

I'll now develop this model using an example from Hancock & Mueller, 2013 (p.313) where 1,000 girls were 
measured on maths proficiency in 9th, 10th, 11th and 12 grades. 

  

time 1 time 2 time 3 time 4 

subject1 
subject2 

subject3 
subject4 

subjecti 

Range of scores at 
each time  

(think variance) 

• time 1:  V1i = intercepti + (slopei )   X  (0)  +  e1i 

• time 2:  V2i = intercept i + (slopei )  X  (1)  +  e2i 

• time 3:  V3i = intercept i + (slopei )  X  (2)  +  e3i 

• time 4:  V4i = intercept i + (slopei ) X  (3)  +   e4i 
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V1, V2, V3, and V4 represent the four measurements at times one to four. The constant variable (also called a 
pseudovariable) , represented by the triangle estimates the means of each of the latent variables.  In this case this 
represents the overall mean of the intercept across subjects and the average slope represented by the other 
latent variable. Each latent variable also has a variance associated with them indicating the degree to which the 
intercepts and slopes vary across patients.   

To develop this model in Ωnyx first go to the books SEM webpage and download the dataset. URL given at the 
beginning of this document 

When drawing the model in Ωnyx you need to set all the paths from the latent variable to the observed time 
variables to be fixed to the values specified by the equations given earlier. By default when you set a path value to 
a fixed value of 1 the value it is not displayed on the path. To display these values on the diagram you need to 
select the popup menu option: 

Customize Model -> Change Path Style -> Unclick the Hide unit values option then click the  

Select button 

 

 

 

 

You can check that you have set the 
fixed values up correctly by hovering 
over each path and checking the popup 
information box. I have done a time 
lapse screen shot of them, shown 
opposite, to allow you to compare. 

Looking opposite you can see that all the 
paths from the observed variables to the 
latent variables are fixed. So the 
estimation process purely focuses on the 
latent variables and their correlation 
along with the variances (measurement 
errors) of the observed variables. 
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Below I have added a set of comments to help you understand each aspect of the model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We can also consider the statistical significance of each parameter estimate by 
clicking on the tab at the left of the model window to open up the parameter 
information box shown opposite. Assuming the data are normally distributed 
and we have large sample sizes we can relate each z score to a p-value by 
looking them up on the internet. As we can see all the model parameter 
estimates are statistically significant at the 0.001 level.  Given 
this finding I would expect that the overall model fit should be 
good which we will consider next. 

  

p-value Z value 

0.1 1.28 

0.05 1.65 

0.01 2.33 

0.005 2.58 

0.001 3.09 

 

A 'constant' (also called a pseudovariable) indicating 
that we want the model to include means 

A 'free' parameter = the value is estimated from the data. 
32.64 = the mean of the intercepts.  

The average value across subjects for the time = 0 
That is for the 1,000 girls  between the 9th, and 12 grades 

their initial maths proficiency is 32.64 

The intercepts and slopes have a 
correlation of -.31 This value squared 

(called the coefficient of determination) 
is a measure of shared variability = 0.091 

= 9% of the variability is shared  

A 'free' parameter = the value is estimated from the data. 
148.52 = the variance of the intercepts across subjects.  

A measure of variability.  
The square root of this value gives the standard deviation 

which is in the original units. 
  

The meaning of the second value is dependent upon the variable having 
one or more single arrowed lines entering it or not. We do here so the 
second value represents the SRV 

0.28 is the SRV, (the proportion of variability in V1 not 
taken into account in the model)  

28% of the variability in V1 is not taken into account by 
the model = MEASUREMENT ERROR. The flip side is 

reliability: 

1 – SRV = R squared 

A 'free' parameter = the value is estimated from the data. 
3.55 = the variance of the slopes across subjects.  

A measure of variability.  
The square root of this value gives the standard deviation 

which is in the original units. 
  

56.93 is the Variance of the 
observed variable v1 

 = measurement error 

A 'free' parameter = the value is estimated from the data. 
3.74= the mean of the slopes.  

The average slope across subjects for each time unit.  
That is for the 1,000 girls between the 9th, and 12 grades their 

maths proficiency increased on average by 3.74 per year.   

Time unit 
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To assess the overall model fit we inspect the Estimate Summary window. From the result below we see that the 
RMSEA, SRMR and CFI (Comparative Fit Index) all indicate a good fitting model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 2.1  Relationship between Latent Growth models and Multilevel models for 
repeated measures 

Latent Growth Models (LGM's) 

are either the same (or at least 

very similar, depending upon the 

writer, Curran, 2003) to Multilevel 

models which are also the same 

as Mixed Effects Models. 

Therefore from the above model 

we can map Multilevel/ Mixed 

models terminology onto our 

SEM as shown opposite.  

CFI≥0.95 indicates a good fit.  

Here: 

CFI = 0.99 therefore model is a good fit 

SRMR ≤.08 indicates a good fit.  

Here: 

SRMR = 0.004 therefore a good fit  

RMSEA  ≤.10 "good" ≤ .05 "very good" fit 

Here: 

RMSEA = 0.03 so very good fit 

 AIC and BIC measures 

are used to compare 

models, lower values 

mean better fit  

Minus two Log Likelihood (-

2LL) – Think 'residuals'. 

Higher values worse model 

fit. Can be used to compare 

several nested models. 

No sample values here because we did 

not supply the raw data to the model 

just a set of covariances 

Estimates for each parameter in the model 

Level 2 

Level 1 

Random effects 
= variance 

components 

Fixed 
effects 

Levels: Random & Fixed effects 

'Nested' explained latter 
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 3  Model 2 – all repeated measures at same time interval and an 
additional time invariant predictor (Alcohol intake and Gender) 

In the previous example, known as an unconditional growth model, I used the covariance matrix rather than raw 
data. In contrast in this example, known as a conditional growth model, I will use a dataset provided in the 
excellent book by Singer & Willett (2003 p.281-289). It considers alcohol intake for 1122 adolescents for 7th to 9th 
grade measured on three occasions using a 6 point scale. The values were converted to natural logarithms after 
visual inspection of the individual trajectories before and after the transformation demonstrated an improved 
linear trend.  

You can download the transformed dataset from the SEM page of my books website (link given at the beginning 
of this chapter). The data is also available in other formats for other software programs here: 
https://goo.gl/3HDGPu 

Singer & Willett (2003) start by considering the unconditional growth model which is identical to the model 
discussed in the previous section, shown first below. Because the scores are natural logarithms they need to be 
back transformed using the antilog function to gain meaning, for example the slope is e(0.0312)  = 1.031692 so 
the percentage change in alcohol intake (y) in our sample per unit difference in time (x) is in R; 100*(exp(0.0312)-
1) = 3.169182. So alcohol intake increases on average 3.1% for each school grade for our sample between grades 
7 to 9.  

Two further aspects of the model are of note, the error variances of the observed variables and the latent 
variables. The error variances of the observed variables (=measurement error), and their standardised values 
(SRV) and R squared values (= reliability), provide useful additional information (neither of which are shown above 
but you can see how to obtain them from the previous example). These values appear similar over the three 
repeated measures, so one modelling strategy is to set all three values to be equal and see how this affects model 
fit. 

Secondly noting that the variances of both latent variables are highly statistically significant (highlighted above) 
indicates that both initial alcohol score and linear trajectory vary significantly between adolescents in the sample. 
This is called technically interindividual heterogeneity.  We will investigate this latter. 

First we will investigate setting 
the error variances at level one 
to be equal, by giving then the 
same name in the variable 
dialog box. Comparing this 
model with the original 
indicates there is a statistically 
significant difference 
(p=0.0000125). So which is the 
better model?  

This question that is answered 
by looking at the estimate 
summary output for the new model (not shown) where the "Minus Two Log Likelihood" has increased from 
2561.717 to 2584.287, and both the AIC  (2596) and BIC (2626) have increased.   

p-value Z value 

0.1 1.28 

0.05 1.65 

0.01 2.33 

0.005 2.58 

0.001 3.09 

 

Overall model fit metrics –  
Be wary indications of a good fit! 

• Chi-squared p-value ≥ .95 

• CFI≥0.95 

• SRMR≤.08 

• RMSEA  ≤.10 "good"  

 ≤ .05 "very good" fit 

https://goo.gl/3HDGPu
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We therefore stick with the original model with separate estimated values for each error variance. 

Another possible way of reducing the heterogeneity in slopes and intercepts is to include in the model additional 
variables that might be its cause and we have within this dataset several such variables. Including gender (the 
variable is called female here). Within this dataset gender does not change over the study time period so it is 
classified as a time invariant predictor. By adding this at level 2 of the model as an observed variable we are 
adding a fixed effect. 

 

Lackadaisically we might just compare various overall fit measures of the above model with the previous one. 
Measures we could compare include the "Minus Two Log Likelihood" which has increased from 2561.717 to 
4128.604 and BIC and AIC both of which have doubled. It would appear that adding this variable has made the 
model fit much worse. Similarly looking at the z scores for both the paths from the female variable we have values 
of -1.84 (p-value less than 0.05), and 0.40 (p-value above 0.1) From this cursory analysis this variable appears to 
do nothing to improve model fit and the paths values are not highly statistically significant compared to others in 
the model! 

Why am I being so circumspect in the previous paragraph? This is because it is usual to compare models that are 
know as nested models. Hence the error message in the above screen shot. Models are nested when each has 

the same number of variables but 
the paths are configured 
differently in each. In this 
instance we can create such a 

nested model to test by 
setting one of the paths 
from female to equal 0, and 
compare this to the previous 
model where both were free 
to be estimated.  

This is shown opposite where the 
model on the right is our previous 
model and the one on the left has 
the additional constraint of zero 
on the path from female to slope. 

The likelihood ratio test indicates 
that there is no difference 
between the two models.  

  

p-value Z value 

0.1 1.28 

0.05 1.65 

0.01 2.33 

0.005 2.58 

0.001 3.09 
 

Overall model fit metrics –  
Be wary: 

• Chi-squared p-value ≥ .95 

• CFI≥0.95 

• SRMR≤.08 

• RMSEA  ≤.10 "good"  

 ≤ .05 "very good" fit 
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Given the non statistically significant result above it is usual to choose the simplest ('most parsimonious') model. 
In this instance, we can then compare this to another situation where both paths are set to zero (shown below), 
this produces a p-value of 0.059. So we can ignore gender in this model.  

 

 3.1  Equivalent models 
Often models which appear visually different are identical.. For example Singer & Willett (2003, p.288) introduced 
the female variable by way of a latent variable which while the model looks different to those I have previously 
displayed actually is not, but probably is more difficult to understand visually! 

 

 

 

 

 

 

 

 

 

 

 

 

  

p-value Z value 

0.1 1.28 

0.05 1.65 

0.01 2.33 

0.005 2.58 

0.001 3.09 
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 4  Model 3 – Repeated measures at same time interval and an additional 
time varying predictor (Alcohol intake & Peer pressure) 

One strategy when adding a time varying predictor to a LGM is to create a second LGM and link it to the original 
one. Singer & Willett (2003 p.298) adopt this strategy by considering peer pressure. On three occasions the 
adolescents used a six point scale to report the number of times during the past month a friend offered them a 
alcoholic drink.   

 

The resulting model is shown above, it being in layout the mirror image of that for the Alcohol use model. All the 
usual model fit measures indicate a good fit. All the parameter values are statistically significant at the 0.005 level 
except the covariance between the slope and intercept latent variables. This is in contrast to the equivalent path 
in the alcohol use model it suggests that allowing this path to be estimated is of limited value, an aspect we will 
investigate further once we have created the complete model.    

Given that the Peer pressure model is a good fit we 
will now link it to the Alcohol use model we 
previously developed as shown opposite. 

It now looks like a very complex model! The first 
aspect you can largely ignore are the 6 observed 
variables, along with their relationship to the latent 
variables, all of which is shaded in the SEM diagram 
opposite. Instead focus your attention on the centre 
part of the model, in which are the four latent 
variables their correlations/regression lines and the 
constant pseudovariable indicating the means.    

Now lets look at this part of the model in detail. 

  

p-value Z value 

0.1 1.28 

0.05 1.65 

0.01 2.33 

0.005 2.58 

0.001 3.09 
 

Overall model fit metrics –  
Be wary: 

• Chi-squared p-value ≥ .95 

• CFI≥0.95 

• SRMR≤.08 

• RMSEA  ≤.10 "good"  

 ≤ .05 "very good" fit 
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We can start by considering the statistical significant of each line, I have marked all lines with a z value of less than 
2.33 in effect indicating where the p-value is more than 0.01 We can therefore think of the highlighted paths as 
being probably equal to zero.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Reading the comments boxes about indicates  it was clearly worthwhile adding the time varying predictor peer 
pressure to the model as we now effectively have accounted for the significant variance across students intercept 
and slope scores. Finding that for a specific Peer pressure level at a specific time they are an homogenous group. 

The next stage would be to see if dropping any of the insignificant parameters had any affect upon either overall 
modal fit or any individual parameters. Such knock on effects are common! This is demonstrated on the next page 
where I constrain the covariance between icep2 and slope2. resulting in several other path parameters regaining 
statistical significance. While the overall model fit measures change very little and the Log Likelihood ratio test 
between the two models is insignificant. 

Often a researcher's final choice of model is based upon a mixture of considerations but most importantly does 
the model make theoretical sense.  Kline 2016 (4th ed) is by far the best starting point here for practical advice to 
psychologists.   

 

 

 

 

 

In the Alcohol model values were: 
0.014, z=3.74 (p<.001)  

now values = 0.02, z=-1.26 (p>.1)  
So including peer pressure in the 
model has taken into account the 

heterogeneity in slopes across 
students 

In the Alcohol model values were: 
0.031, z=4.89 (p<.0001)  Now values =-0.025, z=-1.02 (p>.1)  

So the overall intercept value has dropped and also become insignificant 

In the Alcohol model values were: 
0.09, z=11.22 (p<.0001)  

Now values=0.02 and p>.1  
So including peer pressure in the model has 
taken into account the heterogeneity across 

students at baseline 

In the Alcohol model 
values were: 

-0.01, z=-2.72 (p<.005)  
now values= 0.013,  

z=-0.18 (p>.1)  
So including peer 

pressure in the model 
has taken into account 
the previous significant 

correlation between 
slopes and intercepts 

between students 

In the Alcohol model values were: 
0.22, z=20.81 (p<.0001)  

Now values =0.066, z=2.84 p<.005  
So the overall intercept value has dropped 

and also become slightly less significant 
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This has been a very brief introduction to how 
repeated measures can be modelled within a SEM 
framework by using LGM models and there are 
many extensions to this technique I have not 
demonstrated. The following two practical books 
provide some good explanations concerning 
these; Duncan & Duncan 2006 (2nd ed. with CD) 
and McArdle & Nesselroade 2014. 
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