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How this document  should  be  used:  

This document has been designed to be suitable for both web based and face-to-face teaching. The text has 

been made to be as interactive as possible with exercises, Multiple Choice Questions (MCQs) and web based 

exercises.  

If you are using this document as part of a web-based course you are urged to use the online discussion 

board to discuss the issues raised in this document and share your solutions with other students. 

This document is part of a series see: 

http://www.robin-beaumont.co.uk/virtualclassroom/contents.htm  

Who this document  i s aimed at:  

This document is aimed at those people who want to learn more about statistics in a practical way. It is the 

fifth in the series.  

 

I hope you enjoy working through this document.     

Robin Beaumont  
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1. Before you start 

Prerequisites 

This document assumes that you have worked through the previous documents; 'Data', 'Finding the centre', 

graphics and Measuring spread. You can find copies of these at: 

http://www.robin-beaumont.co.uk/virtualclassroom/contents.htm  

A list of the specific skills and knowledge you should already possess can be found in the learning outcomes 

section of the above documents. I would also suggest that you work through the Multiple Choice Questions 

(MCQs) section of those documents to make sure you do understand the learning outcomes. 

You do not require any particular resources such as computer programs to work through this document, 

however you might find it helpful if you have access to a statistical program or even a spreadsheet 

programme such as Excel. 

2. Learning Outcomes 

This document aims to provide you with the following information. A separate document provides a set of 

guided exercises. After you have completed it you should come back to these points, ticking off those with 

which you feel happy. 

Learning outcome  
Tick 
box  

Be able to describe the relationship between a frequency histogram and a probability 

histogram. 

  

Be able to discuss the PDF concept    

Be able to discuss the differences between populations and samples.  

Be able to discuss the importance of understanding the concept of ‘random’ sampling  

Explain how standard scores are calculated and what affect this has upon raw scores.  

Descript the standard normal PDF and how it is used to calculate reference ranges  

Be able to explain the standard error concept and sampling distributions  

Be able to describe the concept of bootstrapping  

Be able to discuss three different methods of estimating the Confidence interval (CI) for the 

mean 

 

Be able to discussion how sample size, and estimation method influences the CI  
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3. Introduction 

This document begins to lay the ground for understanding how it is possible to make sensible statements 

about the parent populations from which our samples came.  

Unfortunately, to understand how this is possible, something that appears rather simple to the unwary, we 

need to discuss a variety of topics, which initially may seem to be completely unconnected! I hope that in the 

end I will help guide you to see the bigger picture.  

4. Frequencies, Histograms & Probability 

The link between histograms and probabilities can 

best be explained by way of diagrams. Consider 

the frequency histogram opposite which is of a 

previous year’s assignment results: 

 

 

4.1 Random Variables 

 For any score obtained in the class l can discover how likely it is from the above 

frequency distribution. In other words for any student in our sample the above 

represents all the possible scores they might have gained. A variable with these 

characteristics is known as a random variable. That is we do not know its outcome 

in advance. Note that it is NOT a probability but a value that represents an 

outcome.  

Chebyshev (1821–1884) in the middle of the 19th century defined a random variable as: a 

real variable which can assume different values with different probabilities.’  

(Spanos 1999 p.35). 

Example: The possible outcomes for tossing a coin are {head, tail}. These events 

are not random variables allocating the values; head=1 and tail=2 and thus 

redefining the events as {1,2} is a random variable which can take two probability 

values, 0.5 and 0.5. 

Knowing how students are fascinated by assignment results l felt they would be interested in the probability 

of obtaining a particular one. Let us consider how l might go about converting the above histogram into a 

probability histogram. 

From my knowledge of probability, I know: 

1. If I consider all 48 outcomes from the students as being equally probably each has a probability of 

approximately 0.02 ( = 1/48 = 0.020833).  

2.  The total of all the individual probabilities must equal 1  

  

Score range n 

Relative 

frequency 

 (probability) 

[n x .020833) 

40-44 11 0.229163 

45-49 10 0.208330 

50-54 8 0.166664 

55-59 3 0.062499 

60-64 3 0.062499 

65-69 7 0.145831 

70-74 3 0.062499 

75-79 2 0.041666 

80-84 0 0.000000 

85-90 1 0.020833 

total 48 0.999984 
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4.2 Probability histogram 

I will make the total 

area of the histogram 

equal 1. Realising that l 

can easily achieve this 

by making each column 

of unit width (a 

rectangle of 8 x 1 cm = 8 

sq. cm). The Y axis now 

changes from actual 

scores to multiples of 0.0208. Clearly the probability distribution, which it will now be instead of a frequency 

distribution, must produce the same results as l would have got using the traditional method. To check this 

lets consider the eleven students who scored 40 - 44. As they are mutually exclusive events (what one 

student gets does not affect what another scores?) I can use the additive rule. Therefore the probability of 

getting a score of 40 - 44 is:   

0.0208 +0.0208 +0.0208 +0.0208 +0.0208 +0.0208 +0.0208 +0.0208 +0.0208 +0.0208 +0.0208  = 0.2288 

This agrees with the probability distribution value obtained by reading the y axis value. Not only can I use this 

new probability distribution to let students know the probability of obtaining a particular score but l can use 

it to find probabilities of obtaining a range of scores. For example consider the probability of obtaining a 

score of 55 or more, This will just be the area to the right of the previous bar (55 - 54).  

 

 

 

 

 

 

Writing it as a probability statement: 

p(score >=55)  = 0.0624+0.0624+0.145+0.0624+0.0416+0.0208 

  = 0.3946     (=19/48)  

"A student will obtain a score of 55 or more 39 times in every hundred on average" 

In the above probability distribution each score is represented as a probability and the total of all the 

probabilities = 1.  Notice that we can only work out probabilities of scores for the ranges provided, we could 

have not worked out the probability of a score of 45.75 (in technical terms the distribution is discrete).  
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You may have realised that in the above example that I have assumed that the students will obtain the same distribution of 

results as they did in the previous year – what we really need is some method of taking into account the variability from several 

years data, and also the individual students past performance, things we will consider latter.   
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4.3 Functions 

The way we have used events and assignment scores to generate frequency and probability distributions are 

really examples of functions. In a function you basically plug into it one or more variables with appropriate 

values and get a result out the other end. We plugged in a range of exam scores and out came the probability 

of obtaining them. 

 

Here are some examples: 

 The mean  = x/n 

  is known as the add (summation) operator. i.e. add together all the values x can take.  

 VO2Max 

 myfunction  f(x) = 1 if x > 5 else = 0 

The last line shows the standard way of representing a function = f(x). The x indicates that you can only plug 

one value into it. A function in the form of f(x,y) would require two variables. No matter how many values 

you supplied the function you would still only receive a single answer. 

Question: List some other functions you have come across so far. 

Answer: probability = p(A) with 'p' being the function and 'A' being the variable. In this case the variable is of 

a particular type called a 'random variable'.   E.g. p(throwing a die produces a 6) = 1/6 

Other functions include; median, range, interquartile range, sample variance, sample standard deviation etc.  

4.3.1 Importance of Functions in Statistics 

Consider this example. What is the probability of winning a prize if you are one of 20 people and you all 

stand equal chance of winning? You could solve this in one of two ways. Firstly, you know that the total 

probability is 1 and because you all have equal chance your individual chance will be 1/20 = 0.05 However 

there is a function that describes this situation. The function is: 

f(x)  =  1/(x)  Where x is the total number of equally likely outcomes. 

I therefore plug in my value:  f(20)  =  1/20   =  0.05   as before 

So in some instances we can use mathematical functions to obtain probabilities rather than collect large 

amounts of data. Some of the above example were very simple while the exam scores one was a little more 

complex, the approach taken with the exam scores leaves us to a very important special type of function 

used in statistics the 'Probability Density Function' which we will now consider, as it is the key to inferential 

statistics. 

  

(Input(s)) 
Variables with values Does Something A Single Result 

Function 
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5. Probability Density Functions (P.D.F) 

Probability Density Functions (PDF’s) are particular types of probability function that allow probabilities to be 

obtained for continuous variables. But first a short diversion what do we mean exactly by ‘continuous 

variable’.  The three examples below are designed to get you thinking about this a little more. 

5.1 Continuous Variables 

Example 1 -Consider the problem of measuring the exact age of a group of students, what does this mean? 

Do we measurement each to the nearest month, day, minute, second or even split second. In the end is it 

possible to get a perfectly accurate measure?  

Example 2 -The description in the box below provides the second example. 

Consider a point half way between two posts say X1 and X2, call the point Nirvana if it 

exists I should be able to divide the interval in three, discard the out two thirds and then  

repeat the process with the new interval – will I ever reach the point if I repea this process 

a certain number of time?  

i.e.  X1 - - - - - - - - - - - - --  -- - - - - - -X2 

 

This can be divided up into three equal parts 

which can be divided up into three equal parts 

which can be divided up into three equal parts 

which can be divided up into three equal parts 

which can be divided up into three equal parts 

which can be divided up into three equal parts which can be divided up into three equal parts 

which can be divided up into three equal parts  

which can be divided up into three equal parts   

which can be divided up into three equal parts  

which can be divided up into three equal parts   

which can be divided up into three equal parts  

which can be divided up into three equal parts  

   . . . .  . ..  .  
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Example 3 - Consider another situation, the 

tossing of a coin:  

As the number of trials increases: 

  Vertical lines get closer - the width of 

each bar will become infinitely small.    

  Line becomes a continuous curve  

  Curve never touches x axis 'asymptote'  

= every event has a probability no matter 

how small    

  Area still = 1  

5.1.1 Explanation  

All the above examples have one aspect in 

common, they all involve continuous 

variables. These are variables that can take 

an infinite number of values between any 

two values you suggest. In all three 

examples when searching for a particular 

'point' we found an infinite number of them 

we did not know existed before and 

paradoxically, at least in the second one, 

discovered that the actual one avoids 

detection! 

5.2 Definition of PDF 

Returning once again to the assignment 

scores example assume now that students 

would score any mark between 40 and 90 

e.g. 47.6666 . What practical implications 

would the problem of the 'lost point' have? 

Most importantly, we would no longer be 

able to request from our function specific 

probabilities, as we would not have a value. 

However, a mathematical device called the 

'density function' comes to the rescue. This 

device can be thought of as providing each 

individual infinite probability the random 

variable can take with a body or density. Now we in effect take the area under the curve to be the value we 

are looking for (again like our past exam scores histogram). 

'A P.D.F is a function that allocates probabilities to all of the ranges of values that the random variable can take' 

 (Francis 1979 p.280) 

[for those of you who have done some calculus the rate of change or the 'density' is a term used for the 

derivative. In this instance, the derivative of the cumulative distribution function is itself based on the 

probability distribution. See Hogg & Craig 1978 p.31]   

  

Event 
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The graph below shows what the P.D.F would look like for our set of assignment scores if they had been 

continuous: 

We can now use values 

from the PDF to obtain 

probabilities for a particular 

range of the random 

variable.  

[For those of you who have 

done calculus the 

probability is obtained from 

the PDF result by integrating it over the specified range i.e. the area]  

For example we could find p(score > 50) or p(score < 45). This would be obtained by the function working out 

the area under the 

curve in the 

appropriate regions. 

All the above is done 

for you in most 

statistical applications. 

You just tell it which 

PDF you want to use 

along with the values. 

 

The purpose of this section was to provide you with the knowledge of what is happening inside the 

application concerning probability estimation.  

In the above example we used a set of past scores to allow us to create a type of PDF (some would rightly say 

in a very dodgy fashion) to predict a future score.  However, we can do better than that because we know 

that much of the data we collect will form a particular pattern. One of the most common patterns being the 

normal distribution and by using a special type of variable called a parameter we can create a whole 

distribution of values (technically called random variables) by just supplying one or two of these parameters. 

Let’s consider the parameter concept in a bit more detail.  

 

  

  Probability Density Function 

Scores 

Probability 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

33 37 43 47 53 57 63 67 73 77 83 87 

The total area = 1 
total 48 scores 

Density 

  
Probability Density Function 

Scores 

Probability 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

33 37 43 47 53 57 63 67 73 77 83 87 

The total area = 1 total 48 scores 

Density 

p(score<45) = area A 

A 

p(score > 50) = area B 

B 
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5.2.1 Parameters  

A parameter is closely linked to the concept of a variable.  Think of it as a value added variable. 

Example a) 

Let f(x.y) be the function 'draw box sides length x and y' 

x and y are variables of the function, but in addition in this instance, it is possible to describe exactly what the 

entire box will look like. Instead of getting a single value back you get much more for your money, a whole 

set of values, describing the boxes height and volume etc. 

Example b) 

Consider  y = mx + c which is the general equation of any line . Specifying a value for m (= the gradient) and c 

(where it crosses the y axis) produces a particular line with any number of x,y values along it. In addition, we 

can also provide the function with a particular x value as well so we may obtain the y value. 

f(m,c;x)  Let m=1; c=2;   and  our specific x = 5 

The equation y=mx + C becomes with x = 5           y=1x5 + 2      y = 7  

Example c) 

The normal PDF can be defined by just 

supplying it with two parameters, the 

mean and variance.  In this instance, 'f' is 

replaced with N.  

Thus all we need to specify N(mean, 

variance) to draw a particular normal 

probability distribution.   

The two diagrams on the left, illustrate 

first changes in the mean parameter 

and the second all with a mean of zero 

but with three different variance 

values. Because they all must have a 

area of 1 the curve gets taller as it gets 

thinner, as we would expect. 

In all the above examples, the function 

returns a whole set of values unless a 

specific point or range is also specified. 

A parameter is therefore a 'value 

added' variable, specifying a whole set 

of values rather than just one. 

  

  

 

 
A  variety of normal PDF’s 

 0 

=variance 

Letting 
+2 -2 

(= mean) be: 

= 1 for all 

= standardised normal 
distribution 

(mean = 0; variance = 1) 
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In statistics, a parameter refers to one of these 'value added' variables which defines the shape of a 

particular PDF, as in the above example. Someone might hear a statistician say 'I generated a random sample 

of 50 values which were drawn from a normal population with parameters 4,2 Meaning a mean of 4 and a 

variance of 2.  

Each probability density function (P.D.F) requires one or more parameters to define it. Here are some 

examples.  

Probability Density 

Function 

Parameters 

Normal Mean, Variance 

Uniform Minimum, Maximum value 

Exponential Average number of random 

events in a given interval 

t Degrees of freedom 

f Degrees of freedom x 2 

Chi-square Degrees of freedom 

The degrees of freedom (DF) parameter is the number of values that a particular random variable can take 

which are not predetermined by other factors. We will discuss both degrees of freedom and the closely 

linked concept of sampling distributions latter. 

To summarize, a PDF is a particular type of function that takes one or more parameters and possibly also 

variables to return the area under the curve for a particular region, which is equivalent to a probability. We 

will investigate this with many examples in the rest of the course. 

 

In our student scores example we realised that making future predictions on just the previous year’s results 

was rather dangerous, in effect we treated our previous year’s results as if they were perfect predictors. 

However clearly this would not be the case as the distribution of results would vary between years. What we 

want is some method of being able to take into account this variability between years to help us forecast 

with more insight which leads nicely to our next topic concerning samples and populations.   

  

  Input(s) 

Parameter(s) with values 

Does Something 

Area under curve, for specific region 

 = probability 
Function 

+ variable(s) with values 

Output 

Probability Density Function 
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0   +1   

68%   
95% approx.   

 
+2   +3   

    

- 2 - 1 - 3 

99.7%   

6. Reference ranges - Application of the normal curve 

In the last document “measuring spread” we 
discussed the sigma rule. 
This is often made use of in producing 
‘normal/reference ranges’ for various biochemical 
measures.  Because 95% of the values occur within 
1.96 standard deviations each side of the mean, these 
values are considered to be ‘normal’.  I hope you 
realise the problem with this approach – clearly, 5% 
therefore of the values will be classed as abnormal, 
when they are really just extreme values! Also some 
normal ranges may not correspond to that required 

for optimal health, cholesterol levels and Diastolic Blood pressure probably fall under this category. 
My friend Wikipedia has a good article describing reference values 
(http://en.wikipedia.org/wiki/Reference_range#Definition) , along with a nice graphic showing the various 
values.  
 

7. Basic Differences between Populations and Samples 

The most important difference between a population and a sample is the fact that the population is 

considered to be constant whereas the samples vary due to the sampling process. Furthermore, the sampling 

is assumed to be random for many of the statistical processes we will be describing. The diagram opposite 

represents this situation. 

7.1.1 Estimation and expectation operator 

Our main aim in research is often to be able to 

infer from our own small sample(s) to a 

population of some sort. If we consider  a 

graph of the proportion of heads from the 

subsequent tosses of a fair penny over time it 

will gradual settle down to a proportion of 0.5 

[This is an example of the Law of Large 

Numbers] Estimation can be considered the 

mathematical equivalent to this process of 

carrying out an infinite number of trials. For 

example if we take 5000 samples of sufficient size and estimate from each the unknown population mean 

this would be mathematically the best estimate for the population mean, in other words if we had carried 

out an infinite number of trials sampling the population (with replacement) we would have arrived at this 

value for the mean. Similarly, the sample variance is the best estimate of the population variance. An 

estimate of a population  parameter is sometimes shown by the caret symbol, called the hat ˆ symbol, so in 

the example below we say that mu hat, (an estimate of the population mean) is equal to the sample mean 

(Bain & Englhardt p182):        𝜇 = 𝑥   We can also consider this the other way around, in the long run the 

estimates (i.e the sample means) equal the population mean. We show this by using the expectation 

operator ‘E’ where 𝐸(𝑥 ) = 𝜇  

Estimation(sample mean)=population mean      

'An unbiased estimator for a unknown parameter [population characteristic] is a statistic whose expectation is the parameter itself' 

(Francis A. 1979 p.457)      i.e. 𝐸(𝜇 ) = 𝜇 

Population 

Constant 
Characteristics (parameters) 

Sample A Sample B Sample C Sample ..... 

(Chosen randomly) 

Characteristics vary over samples    ->   random variability 
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An estimator provides the best guess for the equivalent value in the population. For example, we may want 

to estimate the population mean from our sample mean. For statisticians for a value to be a good estimate it 

must be Unbiased, Efficient and Consistent. Qualities we will discuss many times in subsequent chapters. 

Estimators are of two types. Point and interval, point estimators provide an estimate which is a single value. 

For example, the sample mean and sample variance. Interval estimators provide two values constituting an 

interval that, with a certain degree of confidence, contains a particular population value (e.g. mean). 

Interestingly the variance is also a point estimator as it is a single value, we just interpret it as an interval. 

 

Estimation makes use of the concept of ‘Degrees of freedom’ so we need to consider this before moving on. 

 

7.2 Degrees of freedom 

When the sample standard deviation and variance were introduced, we mentioned that the denominator 

was n-1 rather than n because this provided the best estimation of the population value and was related to 

the concept of degrees of freedom. In this instance the division by n resulted in a biased estimate, by instead 

dividing by n-1 we increased the number slightly and in effect made it unbiased all the is to do with the 

degrees of freedom concept. A short definition for the ‘degrees of freedom is the number of items that are 

independent, that is free to vary, which needs some explaining. 

Consider a sample with a single value xi where i=1 what will the variance and standard deviation be for this 

sample? The answer is clearly zero as there is no variability between a single value!  So the degrees of 

freedom in this case is zero, and also, as it must in all cases, the sum of the deviations from the mean equal 

zero (Bain & Engelhardt 1987, p.183). So in effect calculating the variance and standard deviation allow n-1 

of the values to vary, they have a degrees of freedom of n-1 

Now consider a slightly more complex situation. Imagine we have, in a table a sample of 5 scores along with 

the total value but we do not know the value of the fifth one. Can it be any value – the answer is no, its value 

is determined by the total minus the sum of the others, so this last value is not free to vary. In other words it 

does not contribute to the number of items that can freely vary. The variance/Standard deviation situation is 

analogous to this one, if we know all the deviations except one and know they must add up to zero we can 

work out the final one. 

Here is a graphical analogy, if we are building a fence that must join up we can start anywhere but the final 

post must be back beside the first one, its position is determined.  

While for the sample standard deviation and variance the degrees of freedom is equal to n-1, for other 

equations, which we come across this value might be n-2 or n-3. So be warned.  Sometimes the degrees of 

freedom are written into the equation as ‘df’.  This assumes you know what df mean for that particular 

equation. 
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7.3 Sampling Error 

Just because the sample variance and sample standard deviation are the best estimators of their population 

counterparts obviously does not mean they are not subject to random variation due to the process of 

random sampling. In this context we are considering statistical error not human measurement error or some 

such other kind which may introduce bias.  

This is exactly what is shown in the 

diagram opposite concerning the 

estimated mean from various 

samples.  

In the trivial situation each sample 

could be considered as an 

individual measurement and the 

population as a entire collect of 

measurements. Take for example 

the situation of getting 10 people to 

measure the height of a baby. We 

could say that theoretically, the 

baby has a height, call it X, some 

people will get the correct measurement but others would over or under measure. We would most likely find 

that the errors followed a normal curve if we analysed the data afterwards and this was in fact the most 

frequent use of the normal curve. When it was first discovered it was referred to as the Gaussian 'error 

curve' after C.F. Gauss long before it was known as the 'normal' (see Gigerenzer p.53 - 55) curve.  

We could apply this reasoning to all the set of measures we have come across so far. For example we 

considered a sample of ages for second year sports students. We could think of the average measure as a 

estimate of the 'True measure' and the others as errors.  (Clearly they are not in this situation unless you 

were a university administrator trying to standardise student ages). Interestingly the variance and standard 

deviation measures were originally often used to quantify the degree of error from the 'true measure'.  

We will see that estimating the ‘errors’ between samples can make use of the same measure as that used to 

quantify the error between individual observations. Sampling error usually implies the variability between 

samples rather than individual observations discussed above. Clearly to make it possible to consider the 

variability between samples it is necessary to use some summary statistic. Just as people in general tend to 

compare one another on individual characteristics, such as height, eye colour etc. we will do the same. As the 

most common and important characteristic that describes most data sets is the mean so we will first 

consider the random sampling variability of this summary measure. Technically, we are going to investigate 

the sampling distribution of the mean. 

7.4 Sampling Distribution of the Mean 

How does the mean vary between random samples?  To discover this we will make use of a computer 

simulation. We are going to: 

 Use a population with a normal distribution with a mean of 175 and a standard deviation of 10 to  

 Create 20 samples each of size 50  from it 

 Find the means of each of the above samples and plot them and calculate the standard deviation 

Samples 

All Estimates for population parameters 

𝑥  
𝑠  

𝑥  
𝑠  

𝑥  
𝑠  

𝑥  
𝑠  

𝑥  
𝑠  

Population 

Mean =   

Variance = 
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Most statistical software allows you to create samples from a variety of population distributions, openstat 

(free), excel, Minitab and SPSS (which I used) all do it you 

can see below part of the first five samples below.  

 

Details of twenty random samples from the population 

each consisting of 50 cases is given opposite. The 

following boxplots provide graphical details.  

 

 

 

 

Exercise: mark in the 

boxplot the  y=175 line 

and also the y=165and 

y=185 lines  

 

 

Clearly most of the samples appear normally distributed. Of the twenty means 4 (20%) are roughly the 'same' 

as the population mean, in other words estimate the population mean correctly. The sample standard 

deviations range from 9.0 to 11.67, with a mean=9.569  in comparison to the population value of 10.  

To summarize the characteristics of the samples: 
 Only around 20% of the sample have a mean equivalent to that of the population in contrast; 

 the variances/standard deviation of the samples are all quite similar to each other and the 

population value.  

 

  

Descriptive Statistics for the 20random samples 

 N Range Min Max Mean Std. Error of mean Std. Deviation Variance 

sample1 50 34.90 156.44 191.34 173.89 1.27 8.96 80.34 

sample2 50 47.39 151.07 198.46 172.97 1.60 11.34 128.53 

sample3 50 48.05 144.37 192.42 174.09 1.44 10.20 104.01 

sample4 50 42.30 156.31 198.61 175.21 1.50 10.61 112.62 

sample5 50 34.44 161.87 196.32 178.16 1.10 7.75 60.09 

sample6 50 39.41 159.23 198.64 176.36 1.47 10.37 107.45 

sample7 50 39.53 150.55 190.08 174.47 1.13 8.01 64.11 

sample8 50 40.96 159.88 200.85 177.21 1.27 8.97 80.52 

sample9 50 40.19 154.11 194.30 174.53 1.29 9.15 83.75 

sample10 50 55.40 144.85 200.25 174.74 1.56 11.02 121.46 

sample11 50 45.58 155.06 200.64 175.21 1.33 9.40 88.40 

sample12 50 35.43 157.44 192.86 174.85 1.18 8.33 69.31 

sample13 50 46.67 154.56 201.23 173.87 1.47 10.38 107.71 

sample14 50 39.06 158.50 197.56 174.64 1.27 9.00 80.94 

sample15 50 40.16 155.02 195.18 175.44 1.28 9.02 81.45 

sample16 50 40.17 161.25 201.42 175.94 1.09 7.70 59.27 

sample17 50 44.82 152.62 197.44 174.18 1.39 9.82 96.40 

sample18 50 47.74 149.75 197.50 176.12 1.65 11.67 136.27 

sample19 50 46.78 151.04 197.82 174.73 1.40 9.90 97.94 

sample20 50 48.96 153.78 202.74 176.72 1.38 9.79 95.82 
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The histogram, boxplot and descriptive statistics of the means below provides more information.  

  

Descriptive Statistics for the means 

N Range Minimum Maximum Mean Std. Error of mean Std. Deviation Variance 

20 5.19 172.97 178.16 175.1665 .28316 1.26632 1.604 

 

The mean of the sample means is almost identical to that of the population.  

From the above exercise we have a large number of things to reflect upon we will first consider the variability 

between the means of the samples and how this relates to a statistic called the Standard Error of the mean. 

7.5 Standard Error (SEM) of the Mean 

The Standard Error of the Mean provides a measure of the standard deviation of 

sample means. In other words it is just another standard deviation but now we are at 

the between sample level rather than within sample level. Because we are working 

at a different level the names have changed for the same idea concerning spread. 

From the above exercise, we have both the population data along with information 

about a set of samples from it. Interestingly all we need to calculate the SEM is 

information from a single sample. We will now compare the observed answer (from 

our twenty samples = 1.266 in the above table) with the SEM formula from a single 

sample.          𝜎𝑥   =  
𝜎2

𝑛
=

𝜎

 𝑛
=  

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑  𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛  𝑜𝑓  𝑠𝑎𝑚𝑝𝑙𝑒

𝑠𝑞𝑢𝑎𝑟𝑒  𝑟𝑜𝑜𝑡  𝑜𝑓  𝑛𝑢𝑚𝑏𝑒𝑟  𝑖𝑛  𝑠𝑎𝑚𝑝𝑙𝑒
  

The Standard Error of the Mean is equal to the standard deviation divided by the 

square root of the sample size. We have twenty samples so we can calculate the SEM 

from each one. The values range from 1.09 to 1.65 (see opposite) the mean of the 

standard error of the mean from the 20 samples is 1.3535, and from the observed 

twenty samples 1.266 Interestingly we could also have used the population standard 

deviation of 10  plugging into the equation 10/√50 = 1.4142 which gives another very 

similar value.    

  

Descriptive Statistics  

 
Std. 

Error of 
mean 

sample1 1.27 

sample2 1.60 

sample3 1.44 

sample4 1.50 

sample5 1.10 

sample6 1.47 

sample7 1.13 

sample8 1.27 

sample9 1.29 

sample10 1.56 

sample11 1.33 

sample12 1.18 

sample13 1.47 

sample14 1.27 

sample15 1.28 

sample16 1.09 

sample17 1.39 

sample18 1.65 

sample19 1.40 

sample20 1.38 
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Example:  The famous scientist, Bradford Hill, (Bradford Hill, 1950 p.92) gives the value of the mean systolic 

blood pressure for 566 males around Glasgow as 128.8 mm.  With a standard deviation of 13.05 to 

determine the ‘precision’ of this mean we use the above equation.  𝜎𝑥   =  
𝜎2

𝑛
=

𝜎

 𝑛
=

13.05

 566
=  .5485 

Quoting Bradford Hill “We may conclude (presuming that the sample is a random one) that our observed 

mean may differ from the true mean by as much as ± 2.194 ((.5485 x 4) but is unlikely to differ from it by 

more than that amount. In others words, if the true mean were 127.7 we might in the sample easily get a 

value that differed from it to any extent up to 127 7 + 2(.5485) = 128.797 But we should be unlikely to get a 

value as high as 128.8 if the true mean were lower than 127.7” page 93. [edited] 

With the above Bradford Hill example we are possible slightly running away with ourselves, you may be 

wondering why he set such limits to the possible range of scores we will investigate this latter, however 

looking back as the six sigma rules will give you a quick explanation for now. 

What have we discovered from the above section, given 

that we used samples of size 50, some of the things might 

include: 

 The 'standard error' measurement appears to 

save a awful lot of time, there's no need to collect 

numerous random samples to find the variability in 

means that will occur between them, we can just use the 

SEM formula  

 The variance/standard deviation estimate 

appears to reflect that of the population. 

 The distribution shape of samples from a normal 

population may not look very normal (examining the 

boxplots of our samples). 

 The distribution shape of a sample composed of 

means appear normally distributed. 

7.5.1 Effect of sample size upon SEM 

We know that the formulae for the standard error of the 

mean (SEM) is: 

𝜎𝑥  =  
𝜎2

𝑛
=

𝜎

 𝑛
=  

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒

𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑛𝑢𝑚𝑏𝑒𝑟 𝑖𝑛 𝑠𝑎𝑚𝑝𝑙𝑒
 

Lets consider what happens to the SEM as the sample size changes. From the above equation the top value 

(numerator) will remain constant, but the bottom value (denominator) will increase. What happens in this 

instance, which is a property of all fractions, is that the total value decreases, therefore as sample size 

increases the variability of the sample means decreases.  You can think of it in terms of accuracy, the larger 

the random sample the more accurate the SEM, a statistician would say that this indicated that it was a 

consistent estimator 

As N increases -> SEM decreases 

  Population 

Normal PDF: 

Create another sample from the means       

Samples of size n 

. . . . . 𝑥  𝑥  𝑥  

Values of  𝑥   
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So far we have only considered samples from a normal distribution – the next section describes one of the 
most important findings in all statistics which means that we can apply these results to a population of any 
shape. 

7.6 The Central Limit Theorem 

The Central limit theorem is one of the most 

important theorems in the whole of statistics. It 

states that 

'Regardless of the shape of the population, except 

that there exists a variance and mean, the 

distribution of sample means will equal the 

population mean and have a variance equal to: 

 the population variance/sample size. The 

distribution of these sample means will approach 

the normal distribution as n increases'  

l have highlighted the important facts. No matter what the shape of the population the means of the samples 

will be normally distributed. The central limit theorem is in fact even more specific: 

'Regardless of the shape of the population, except that there exists a variance and mean, the distribution of 

standardised sample means will approach the standard normal distribution as n increases'  

So now we need to understand both what “standardised scores” are along with the standard normal 

distribution. 

7.7 Standardized Scores - z 

The process of standardising scores can be thought of as a method of recoding each individual score by 

subtracting the mean from the score and dividing the result by the standard deviation. Represented 

mathematically: 

𝑧 =
𝑋 − 𝜇

𝜎
=

𝑠𝑐𝑜𝑟𝑒 − 𝑚𝑒𝑎𝑛

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
 

This has the effect of transforming the sample mean to 0 and the standard deviation to 1, and therefore the 

variance also to 1.  

Norman & Streiner 2008 (by the way 

an excellent book) p.33, provide a 

good example of the use of z scores. 

Imagine someone has scored 23 on 

the Beck Depression Inventory (BDI; 

Beck et al, 1961) and 68 on the Self-Rating Depression Scale (SDS; Zung, 1965) how can we compare these 

scores, when we know both have different ranges of possible scores? The answer is to convert each to a Z 

score. 

𝐵𝐷𝐼 𝑧 =
𝑋 − 𝜇

𝜎
=

23 − 11.3

7.7
= 1.52    𝑆𝐷𝑆 𝑧 =

𝑋 − 𝜇

𝜎
=

68 − 52.1

10.5
= 1.51 

 
Number of 

 items 
Possible  

range 
Mean 

Standard  
deviation 

Score obtained  
by patient X 

Beck Depression Inventory 
(BDI; Beck et al, 1961) 

21 0-63 11.3 7.7 23 

Self-Rating Depression Scale  

(SDS; Zung, 1965) 
20 25 -100 52.1 10.5 68 

  

Distribution of means from 

samples  

Population

s 

O

R 
O

R 
..... 

O

R 

Distribution of means from 

samples  
Distribution of means from 

samples  

 
 

 

Central Limit 

Theorem 
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1.5 

Area = 
.9331 

Now both the BDI and SDS standardised (or if you prefer Z) scores are very similar around 1.5, which 

indicates that the value is 1.5 standard deviations from the mean.  We can also relate the above Z scores to a 

particular Normal PDF which we will now consider. 

7.8 Standard Normal PDF 

This is just a Normal PDF but with a mean 

value of zero and a standard deviation of 1. 

Why do this? The principal reason is ease. If 

we worked with the original scores we 

would need to create a PDF for each set of 

scores. But using 'z scores' we can use the 

same PDF no matter what the original mean 

or standard deviation were. For example we 

can use any statistical software, including 

excel to get the area under the curve to the 

left of any particular value (i.e. z score). So 

considering the example above, the area to 

the left of a Z score of 1.5, is 0.9331, using 

the excel function NORMSDIST(1.5). In other 

words 93.31% of people will score 

this or less, but around 7% will 

score more.  

 

 

The diagram opposite provides a summary 

of the process we have gone through so far. 

.  

 

 

  

Total Area = 1 

 Never touches  
Goes on for ever 
 

  
0 1 

Probability Density Function for 'Standard Normal distribution' 

= 

Probability  

density x  

0.4 

value  

(units = standard deviations) 

Total Area = 1 

    
0 1 =   value   

68%   
95%   

 
2 

Area:   

Between + and - three standard deviations from the mean  = 99.7% of area  
Therefore only 0.3% of area(scores) are more than 3 standard deviations ('units') away.  

-    

Distribution of means from 

samples 

Populations 

O

R 
O

R 
O

R 

Values of means of samples 

Distribution of means from 

samples 
Distribution of means from 

samples 

 
 

 

Standardize scores then compare with Probability Density 

Function for 'Standard Normal distribution' 

Total Area = 1 

  
0 1 = value 

68% 
95% 

 
2 

Area: 

Between + and - three standard deviations each side of mean = 99.7% of area 
Therefore only 0.3% of area (scores) are more than 3 standard deviations ('units') 

away.  
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7.9 Sampling Distributions 

l have included this under a separate heading because a lot of people seem to have problems with the 

concept. A sampling distribution is the distribution of a particular statistic obtained from a infinite number of 

samples. We could therefore speak of the sampling distribution of means, which is in effect is what we have 

just produced. Clearly if we have no sampling distribution for a particular statistic, we could not estimate the 

associated unknown population parameter from our sample. 

Sampling distributions need not necessarily be associated with a PDF. Sometimes a 'density function', which 

is a mathematical formula, does not exist to describe the distribution of the population. Nowadays with very 

fast and large computers the computer can perform re-sampling from actual samples to create virtual 

populations ( I tend to call these pseudo populations), using rather unpleasant sounding techniques such as 

the Bootstrap and Jacknife procedure.  

Just to labour the point: 

 The sampling distribution is a distribution of a sample statistic. 

 A sampling distribution is the probability distribution (PDF) of a given statistic based on a random 

sample of a particular size. It may be considered as the distribution of the statistic for all possible 

samples of a given size. 

 The standard deviation of the sampling distribution of the statistic is referred to as the standard 

error of that quantity. 

We have spend some time investigating the sampling distribution of the sample mean but sampling 

distributions exist for other population characteristics (‘parameters’) for example; the median and standard 

deviation have sampling distributions.  

7.10 Importance of Sampling Distributions 

They allow us to discover the probability of obtaining a particular sample characteristic from the unknown 

population without drawing multiple samples. 

Without sampling distributions, we would not be able to make inferences about the variability due to 

random sampling of the statistics we calculate from our samples but imperfectly reflect the unknown 

population. 

Sampling distributions allow us to calculate and therefore take into account the 

process of random sampling in our models. 

 

Exercise 

Please visit http://www.psychstat.missouristate.edu/IntroBook/sbk19.htm and have a read through the 

sampling distribution material. 

Now we have gained knowledge of PDFs, the standard normal curve, and sampling variability, specifically the 

standard error of the mean (SEM); we can introduce a concept that makes use of all this. That is the 

Confidence interval.  
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8. Confidence intervals 

Confidence intervals provide two values (a upper value and lower value) constituting an interval that 

represents a certain degree of confidence of containing a particular parameter (e.g. mean). Again we are 

inferring from our sample a population value. We can create confidence intervals from any estimate we may 

create (variance, Standard Error of the mean, etc). We can also control the level of ‘confidence’ we wish to 

set for the interval; we may want to be only 90% confident that a particular parameter is within the interval 

or we may want to set it to a higher level of 99% of certainty.   

There are broadly two techniques for calculating confidence intervals, the traditional method uses various 

formula or using a computer involving a particular technique called bootstrapping. While we will concentrate 

on the first method I will use the second technique to help explain some of the concepts behind confidence 

intervals. 

Focusing now on the confidence interval for the mean, when using the traditional formula method to 

calculate confidence intervals we need to decide first if the sample is small or large, In this context a large 

sample is one that has usually more than 30 observations. If you fail to take this into account the confidence 

interval will be wider than it should be. We will demonstrate this by using the ‘large sample’ method to 

obtain a confidence interval for the mean for an inappropriately small sample! 

8.1 Confidence interval for mean (large samples) 

Opposite we have a random sample of ages for 14 second year students, along with some statistics (obtained 

from PASW) including a 95% confidence interval for the mean, besides considering how it 

was obtained we will also discover if an appropriate formula was used taking into account 

the small sample size of 14?  

 

 

The calculation of confident intervals (CI’s) follows a standard formula (based on Daniel 

1992 p. 139): 

Confidence interval lower boundary  =  estimated value  -(confidence value) X (variability of estimated value) 

Confidence interval upper boundary  =  estimated value  + (confidence value) X (variability of  estimated value) 

Confidence interval range  =  estimated value    (confidence value) X (variability of  estimated value) 

  

Student age 
(random sample 
from 500 second 

years 

28 

28 

22 

20 

20 

19 

33 

26 

20 

19 

19 

19 

20 

18 

95% Confidence 
Interval for Mean 

Mean Std. Deviation 

Lower 

bound 

Upper 

bound 
Statistic Std. Error Statistic 

19.5522 24.8764 22.2143 1.23225 4.61067 

estimated value  -(confidence value) X (variability of estimated value) to estimated value +(confidence value) X (variability of estimated value) 

A probability – area 

under a PDF 

Sampling error – 

considers  variability of 

estimate across samples 

Confidence interval 

 

Parameter  

Population 
characteristic (not 

really known) 
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Lets consider the above in a little more detail 

taking each of the components in turn. 

Estimated value - This can be any statistic 

calculated from our sample, such as mean, 

standard deviation which estimates a unknown 

population value. 

Variability of estimated value – This is the 

standard deviation (called the standard error in 

this context) across samples of the estimated 

value, for the mean it is the SEM. 

Confidence value – This is the probability 

(density) for the range of values the estimated 

value may take obtained from a particular PDF. 

The last component, the confidence value, we 

usually set at 50%, 90, 95% or 99%. We know 

that for large samples (not really appropriate for our small sample) they will have a normal distribution and 

95% of the possible scores will lie roughly within 2 standard deviations each side of the mean, in truth to be 

more accurate the actual value is 1.96 deviations each side of the mean.   

For our example of 14 second years students ages we have: 

Estimated value= mean = 22.2143 years and a  

Variability of estimated value = SEM = 1.23225 

Confidence value for 95% = 1.96 

Therefore plugging the above into our Confidence interval range   

=  estimated value    (confidence value) X (variability of  estimated value) 

= 22.2143 ∓ 1.96 1.23225   =   19.79909 𝑡𝑜 24.62951  

The two above CI boundaries are slightly narrower than that obtained by the PASW statistical package this is 

because PASW automatically takes into account the small sample size which we have failed to do. We will 

now see how this is achieved, but before that, here are the z confidence values for 90%, 95% and 99% 

confidence intervals. 

 

 

Excel buffs among you will be interested to know that the above were calculated using the excel function, 

=ABS(NORMINV(0.05,0,1)); =ABS(NORMINV(0.025,0,1)); =ABS(NORMINV(0.005,0,1)).  

z 90% z 95% z 99% 

1.6449 1.9600 2.5758 

-4 -2 0 2 4 

95% Normal Confidence Limits:   

shaded area 

= 95% of possible scores 

Standard normal pdf 

-1.96 1.96 

Z = standard deviations 

0 
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8.2 Confidence interval for mean (small samples) 

For small samples the only aspect of the CI standard formula that changes is the value for the confidence 

value, we use a different PDF which takes into account not only the fact that the sample size is small but its 

exact size. 

Confidence interval range  =  estimated value    (confidence value) X (variability of estimated value) 

Instead of the normal distribution, we will 

now make use of the t PDF. Wikipedia 

provides a good article about it 

(http://en.wikipedia.org/wiki/Student's_t-

distribution). This PDF in contrast to the 

normal requires a parameter called the 

Degrees of freedom which is equivalent to the 

number of values in the sample minus 1.    

So we need to find the 95% confidence value 

for our sample of 14 students. 

Taking our student ages example df = 13 (i.e 

14-1), and using the excel function 

=TINV(0.05,13), with the first value indicating 

how much of the area we want to leave out 

(i.e. 5%) and the second value the degrees of 

freedom. 

We get a value of 2.1603, returning to our 

95% confidence interval for our mean and 

using this new improved confidence value 

=  estimated value    (confidence value) X 

(variability of  estimated value) 

= 22.2143 ∓ 2.1603 1.23225   =   19.55227 𝑡𝑜 24.87633 

This is identical to the PASW result. 

The diagram on the next page provides a 

graphical explanation of the above value. 

How do we interpret the above value? This is 

quite tricky and as Everitt & Palmer,  2005  

(page 70) say “*A confidence intervals is a ] 

pretty difficult concept to get to grips with. “   

With this in mind Julious, Campbell & Walters 

2007 have suggested ways of teaching this 

tricky concept so lets have a go. 

  

PDF used depends upon sample size 

t PDF - Comparison to Standard normal PDF (blue curve) 

t pdf with df=1 = red line 

with  

standard normal pdf = blue line 

More spead out (‘heavy tails’)  

t pdf with df=1,2,3,5,10 = green/red lines 

with  

standard normal pdf = blue line 

 

As the sample size increases the tails get 

thinner, and the peak gets closer to the 

standard normal pdf 

t pdf with df=1,2,3,5,10,30 =  

green line/red lines 

with  

standard normal pdf = blue line 

 

By the time df=30 the t pdf is 

identical to the standard normal 

pdf 

Graphs taken from Wikipedia article on the t distribution 2010  
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Possibly the most accurate sentence to describe 

the value would be something like: 

In repeated sampling 95% of all intervals of the 

form 

𝑥 − 2.1603 1.23225  𝑡𝑜 𝑥 + 2.1603 1.23225  

will in the long run include the population mean, µ.  

Simplifying gives: 

We are 95% confident that the single computed 

interval 19.55227 to 24.87633 contains the 

population mean. (adapted from Daniel 1991 

p.134)  and simplifying even further to: 

"The Confidence interval (19.55 - 24.87) will 

contain the population mean 95 times in a hundred 

on average."   

However, by simplifying the sentence we have lost 

some subtlety. Most importantly, as Everitt & 

Palmer,  2005, state it is the interval that may contain the population parameter in 95% of them, in the long 

run, we may be unlucky and the real value of the parameter may be outside of it as it will be in 5% of them. 

In fact, taking 100 random samples of size 10 from our 14 student ages. (technically what we have done here 

is bootstrapped the sample) has 8 instances (thicker lines) of the confidence intervals which do not contain 

the true population mean,  

giving 8% percent rather than 

the expected 5%, but 

remember we are considering 

here the 95% in the long run!   

The simulation opposite also 

provides some other 

interesting points: 

 Only 6 of the confidence 

intervals appear to have a 

mean which is equal to the 

‘population’ mean.  

 The width of the intervals 
varies markedly, due to 
different values for the 
SEM for the particular 
sample. Also the size of 
the sample has an effect 
upon the width of the 
interval which we will 
consider now.  

19 20 21 22 23 24 25 

95% t Confidence Limits   

s x  =  2.1603,  N=14,  df=13 
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𝐶𝐼95% = 𝑝𝑑𝑓95%𝑆𝐸𝑀 

 𝐶𝐼𝑡95% = 𝑝𝑑𝑓𝑡95%𝑆𝐸𝑀 

𝐶𝐼𝑡95% = 𝑡(95%,𝑑𝑓=𝑛−1)

(𝑆𝐷)

 𝑛
 

𝐶𝐼𝑁𝑂𝑅𝑀95% = 𝑧 95% 

 𝑆𝐷 

 𝑛
 

𝐶𝐼𝑁𝑂𝑅𝑀95% = 1.96
 𝑆𝐷 

 𝑛
 

N=number in sample 
occurs twice in the expression 

N=number in sample 
Only occurs once in expression less 

influential 

8.3 Effect of sample size on Confidence interval width 

Crawley 2005 provides some excellent code in r (a free statistical 

program) to show the affect of sample size on confidence interval 

width (page 47), I have run the code and produced the following 

graphs. The original sample (the pseudo population for the 

bootstrapping consisting of 30 values) possessed a skewed 

distribution shown in the histogram opposite.  

From this data 10,000 independent samples of sizes of 5 to 30 

(incrementing in size of 3) are then produced and then a 

confidence interval calculated by three methods;  

 the actual value where 5% and 95% of the bootstrapped sample values fell.  

- Shown as vertical lines and 0’s; 

 the result using the normal distribution value (1.96=confidence value)  

 - Shown as solid lines; 

 the result using the t distribution taking into account the actual sample size 

 –  Shown as dotted lines;  

Some interesting points from the diagram: 

 As the sample sizes get larger the confidence intervals get shorter.  

 Widths -  t distribution gives the widest intervals followed by the  

               bootstapped and finally by the normal however the order varies, I used a very skewed  

               dataset (from Crawley 2005 p47-8). 

 Differences between the three decreases as the sample size increases.  

Inspecting the equations used for the t and normal (z value) confidence intervals (CI) provides the reason for 

the above.  The sample size is used twice in the t CI formula but only once in the normal PDF formula.  
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Crawley 2005 suggests that he personally prefers the bootstrap estimates, however this requires some skill 

and I would recommend that the t PDF value probably is the best (and the default for such statistical 

programs as PASW at the moment). 

We will be looking more at confidence intervals as they provide us with a way of aiding decision making. 

Another basic introduction to confidence intervals, with some excellent cartoons can be found on pages 111-

136 of Gonick & Smith 1993  

9. Summary 

The document may have seemed rather disorganised but the problem is that we need to consider many 

interconnected concepts before we can move from the comfortable world of just describing a single sample 

using what are called “statistics” to the thorny problem of making inferences about what these values might 

be in the parent populations reflected in their parameters. 

I would suggest that you have a look at the mind map below and see how much sense you can make of it, 

any problems try re-reading the section. 

 

  

Histogram 

frequencies 

PDF 

probabilities 

Population 

Sample 

distribution 

Area/density 

functions 

parameters 

Random variables 

Reference ranges 

constant 

parameters 

Sample size 

Sampling 

distribution of 

the mean 

Standardized 

scores 

Confidence 
intervals 

Standard 
normal pdf 

unknown 

Sampling 

variability 

statistics 

known 

 from 1 sample to many 

 Sample size influence 

 Level (%) = probability for 

parameter  inclusion 

 Misunderstandings 
Mean=0 

SD=1 

t pdf 
Standard 

error 
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Appendix A – R code for the CI simulations 

# R code to show change over sample size 
data<-read.table("c:\\r_stats\\crawleydata\\skewdata.txt",header=T) 
attach(data) 
names(data) 
plot(c(0,30),c(0,60),type="n",xlab="Sample size",ylab="Confidence interval") 
for (k in seq(5,30,3)){ 
a<-numeric(10000) 
for (i in 1:10000){ 
a[i]<-mean(sample(values,k,replace=T)) 
} 
points(c(k,k),quantile(a,c(.025,.975)),type="b") 
} 
quantile(a,c(.025,.975)) 
xv<-seq(5,30,0.1) 
yv<-mean(values)+1.96*sqrt(var(values)/xv) 
lines(xv,yv) 
yv<-mean(values)-1.96*sqrt(var(values)/xv) 
lines(xv,yv) 
yv<-mean(values)-qt(.975,xv)*sqrt(var(values)/xv) 
lines(xv,yv,lty=2) 
yv<-mean(values)+qt(.975,xv)*sqrt(var(values)/xv) 
lines(xv,yv,lty=2) 
 
 
 
 
# creating the CIs to show range of estimated means and intervals 
m = 100; n=10; p = .5; alpha = 0.10;  # m=no of samples; n=sample size 
ages<-c(28,28, 22,20,20,19,33,26,20,19,19,19,20,18) 
a<-matrix(nrow=m,ncol=n) #a matric for each of the samples, row=sample;col=n  
SE<-numeric(m)  
phat<-numeric(m) 
for (i in 1:100){ 
a[i,1:n]<-(sample(ages,n,replace=T)) # get the sample 
phat[i] = mean(a[i,1:n])    # get the statistic point estimate 
SE[i] = sqrt(var(a[i,1:n])/n) # square root of variance of sample/ n= SEM 
zstar=qt(.975,n-1) 
} 
xtext= "value"; ytext="confidence interval" 
graphlabel ="100 confidence intervals each n=10"  
matplot(rbind(phat - zstar*SE, phat + zstar*SE),rbind(1:m,1:m),type="l",lty=1,xlab=xtext,ylab=ytext)  
abline(v=mean(ages),col="gray60") # draw line for pop mean  
matpoints(phat,1:m, pch = 23, col="red",bg="red") 
title(main = graphlabel) 
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